A Practical Theorem on Gravitational Wave Backgrounds by Phinney, E S
















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































This energy, like f
r
is measured in the source's cosmic rest frame, and is integrated over all solid angles and over the entire
radiating lifetime of the source.




to be the present-day energy density per logarithmic frequency interval, in gravitational waves of frequency f , divided by










































=(8G) is the critical density of the universe, and h
c
is the characteristic amplitude of the gravitational wave
spectrum over a logarithmic frequency interval d ln f = df=f . h
c
is related to the one-sided (0 < f < 1) spectral density
S
h;1





(f). If the spectral density S
h;2
is dened









often called the strain noise, since the mean square signal strain output of an interferometer is simply the integral over all
frequencies of S
h
times the response function R(f) of the interferometer (of order unity for wavelengths much longer than
the interferometer {cf. section 3.2 of Cornish & Larson (2001)).
In any homogeneous and isotropic universe, the present-day energy density E
gw
must be equal to sum of the energy












































Equating the two expressions in equations (2) and (4) for E
gw










































This theorem is our principal result. It has the simple physical interpretation that the energy density in gravitational waves
per log frequency interval is equal to the comoving number density of event remnants, times the (redshifted) energy each
event produced per log frequency interval. Notice that the theorem does not depend upon the cosmological model, except
for the assumption of a homogeneous and isotropic universe. Nor does it depend on any property of the sources (beaming,
polarization, etc) except for their time-integrated energy spectrum, provided they are randomly oriented with respect to earth.

























The alert reader will detect some kinship between the frequency-integrated version of this theorem (equation 4) and that
of So ltan (1982) relating the contribution of quasars to the electromagnetic brightness of the night sky to the local space
density of remnant super-massive black holes. This relation becomes even closer if the source we are considering is black
holes or other compact objects of mass M
2





























is the dimensionless binding energy
per unit rest mass of the innermost stable circular orbit (0.057 for Schwarzschild black holes, 0.42 and 0.038 respectively for




dt is the (small) portion of
the binding energy radiated down the black hole horizon (note that this can be, and is, negative for prograde orbits around
rapidly rotating black holes: the orbiting mass extracts some of their rotational energy {see table VII of Finn & Thorne









































is the fraction of the present-day comoving mass density 

in super-massive black holes which was grown by the
capture of compact objects (as opposed, say to growth by axisymmetric accretion of gas which results in negligible gravitational
radiation).
In section 4 we give a more mathematical proof of the theorem, but we rst give an example of its use.
3 AN EXAMPLE: MERGING BINARIES IN CIRCULAR ORBITS




which merges due to gravitational radiation losses
in less than the age of the universe has
c
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. Notice that to derive equation 8, one need know nothing about
gravitational radiation except that it has twice the orbital frequency, and that the orbital binding energy is removed by the
gravitational radiation.
The lower limit f
min
is set by the separation of the system at its birth (or circularisation, whichever comes rst), and
our derivation applies only to those systems whose initial separation is small enough that their time to merge is much shorter
than the Hubble time at their birth. For example, a pair of 0:3M





Hz in order to merge
through gravitational radiation in < 10
10
y. Over their lifetime, merging systems radiate a broad spectrum of frequencies,
up to an upper limit f
max
set by the frequency at which the two bodies come into Roche lobe contact, or at which tidal
dissipation begins to dominate gravitational radiation in determining the orbital evolution. For a binary whose least massive






, one can use the t to white dwarf mass-radii of equation (17) of Tout et al





of a binary is related to the
equivalent volume radius of M
2











, to nd the maximum gravitational wave frequency













For pairs of neutron stars, f
max
' 1:4  10
3
Hz (Uryu, Shibata & Eriguchi 2000; Shibata & Uryu 2000). For small bodies












(for more detail and the
generalization of equation 8 to fully relativistic orbits around rotating black holes, see Phinney (2001)). Systems whose initial






Inserting equation 8 into equation 5 gives the gravitational wave background at f < f
max































































































































(cf. Nettereld et al (2001)). The
value of h(1 + z)
 1=3
i is not very sensitive to the details of N(z). For example, if we take
_
N increasing rapidly in the past,
proportional to the cosmic star formation rate as a function of redshift given in equation (6) of Madau, Haardt & Pozzetti
(2001) in a at 

M
= 1 universe, we have h(1 + z)
 1=3
i = 0:74, while a time-independent
_
N in a at 






The one approximation made in equations 10 or 11 is that the lifetime has been assumed short compared to the expansion
time of the universe {i.e. all of the inspiral occurs at the same redshift as the merger. We are thus neglecting the dierential




dependence on initial separation a, sources generally either merge quickly or not at all, so this approximation is poor only for
a small percentage of sources with nely tuned parameters.
In convenient numerical forms, equations 10 and 11 and the 1-sided strain noise S
1=2
h;1
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is the median source redshift; outside that range the edge eects of equation 12 become important.
We now use these to estimate the cosmic gravitational wave background from merging double-degenerate binaries. For
our H
0















y a stellar population with the initial mass function of Kroupa (2001) has 0.28 white dwarf





these white dwarfs, under standard assumptions of population synthesis models (equal numbers of binaries per log initial
orbital separation, binary fraction 0.5, at binary mass ratio distribution), a fraction 0.015 of the white dwarfs will undergo
common envelope evolution leading to a pair of  0:3M

white dwarfs which will merge in < 10
10







. Inserting this and M = 0:26M


































These are respectively factors of 4, 2 and 2 less than found by the very detailed calculations of Schneider et al (2001). The
dierence is due largely to the dierent choice of normalization and is representative of the true uncertainties (see Phinney
(2001) for an extensive discussion): Schneider et al used the Scalo (1986) IMF, a constant Galactic supernova rate of 0:01y
 1
,
and a binary fraction of 100 percent. If we adopted the same binary fraction, and scaled their Galactic birthrate (0:044y
 1
)
to that of Iben, Tutukov & Yungelson (1997) (0:024y
 1
), the numbers would be in perfect (but spurious) agreement. The
slight inaccuracies introduced by the theorem's neglect of systems whose merger occurs over a range of redshift (and our
neglect of sources which exit common envelope evolution at frequencies much higher than 10
 4
Hz) are small compared to the
astronomical uncertainties.
As a second example, we consider gure 4 of Rajagopal & Romani (1995). They computed the gravitational wave
background due to mergers of super-massive black holes in galactic nuclei, at the wave frequencies accessible through pulsar
timing f  0:1   1y
 1
. Their assumptions are approximately that 0.2 of bright galaxies contained a black hole, and that
each bright galaxy had 5 mergers in its lifetime, or on average one merger with another black hole. Their black hole mass










. Taking M for
an equal mass pair, equation 16 gives h
c





















, so the larger masses





d lnM . Integrating over the mass function gives a total h
c







very good agreement with the f
S1
= 1 curve in the simulation shown in their gure 4. Of course, beliefs and data about the
numbers and mass distribution of super-massive black holes have evolved considerably since 1995, so this value is not the one
preferred today (see Phinney (2001)).
It should be emphasized that in this discussion, we consider only the typical amplitude and spectrum of the backgrounds.
The important issue of whether particular experiments could resolve the various backgrounds (by identifying and removing
sources through optimal ltering of template waveforms, or by angular resolution, or both) is deferred to later papers.
4 THE THEOREM AGAIN: MATHEMATICAL DERIVATION
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. This allows us to fold the negative frequency part of the integral onto the positive frequency part. If we average
over source orientations 

s















is the gravitational wave luminosity measured in the cosmic rest frame of the source, and d
L
is the luminosity
distance to the source. Since time t at redshift z = 0 is related to time t
r


































is the rest-frame energy emitted in gravitational waves.



































































































=(1 + z) (cf. section 5 of Hogg (2000)), which is also 1=(2)
times the proper (`comoving') circumference of the sphere about the source which passes through the earth today.
Now consider sources undergoing the catastrophic events at redshift z, at rate
_
N per comoving volume per unit of cosmic
time t
r
local to the event. As seen from earth, in earth time dt, the number of events which occur in dt between redshift z


















































































































































which reproduces equation 4 and hence the statement of the theorem, equation 5.
Notice that equation 31 and the result 32 are independent of whether the timescale over which an individual source emits
gravitational waves at the frequencies of interest is long or short compared to the observing time. The case when it is long
compared to the observing time is appropriate e.g. for the two examples treated in section 3: double degenerate binaries in









y. In this case the number of sources contributing to the background is much larger than the number of




T ). But the energy which each radiates




of the total given by equation 24. So the product of the number of sources and the energy
c
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(spectrum) radiated by each is independent of T and L
gw
. This must be so, since E
gw
is independent of whether the observing
time is 1y or 10
9
y.
The observational prospects for removing the background by tting individual sources do depend on the observing time,
however, so it is instructive to re-derive equations 10 and 11 for the case of merging binaries in circular orbits, keeping track
of the number of sources contributing in each frequency interval, while explicitly showing the cancellation discussed in the
previous paragraph.



























































If the rate of mergers per comoving volume is
_
N , then the space density N(a)da of systems with separations between a and
a + da is given by the continuity equation
d
da
( _aN(a)) =  
_
NÆ(a) ; (35)











































































) of the gravitational waves from sources between z and
z + dz is
















, with N(a) from equation 37; for dV
c
=dzd
 use 1=(4) times equation 28, and recall that df
r
=df = 1+z.
























The quantity in parenthesis is N(z). The energy density per log (observed) frequency is, using f = f
r













































































The nal form reproduces equation 11, while equation 38 allows one to check the instantaneous number of sources contributing
to a given frequency interval of the background.
c
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5 CONCLUSION
We have shown that in order to estimate the contribution to the gravitational wave background from a population of sources,





life-history of an individual source, and some astronomy: estimating the number of sources which have ever lived and died in
a unit comoving volume of the universe, and some idea of at what redshift they did so. Insert the results in equation 5 to get
the full spectrum of the background.
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